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ON THE DIVISION OF DISTRIBUTIONS BY
ANALYTIC FUNCTIONS IN LOCALLY CONVEX SPACES
BY
DENIS CHANSOLME

ABSTRACT. Although the division of distributions by real polynomials and real
analytic functions (which are nonzero) is always possible in finite dimensional spaces
(from classical results of Hormander and Lojasiewicz respectively), we show that this
is not always possible in infinite dimensional locally convex spaces. In particular, we
characterize those locally convex spaces where division is always possible.

L. Introduction. Let S be a distribution and g a C* function on an open subset
in a locally convex space. We say that g divides S if there exists a distribution 7 on Q
so that gT = S.

This problem was first studied by L. Schwartz [8] who proved that the division by
a nonzero holomorphic function is always possible on a connected open subset of
C". Later, L. Hormander [6] and S. Lojasiewicz [7] respectively solved the division
by real polynomials and analytic functions in finite dimensional spaces. J. F.
Colombeau, R. Gay and B. Perrot [4] extended Schwartz’s result to complex locally
convex spaces.

These works established that if g does not vanish on any open subset of 2, the
division is always possible. Qur purpose is to answer a natural question in Col-
ombeau, Gay and Perrot [4] concerning division by real polynomials and real
analytic functions in infinite dimensional locally convex spaces.

We prove division is always possible by finite type real polynomials and finite
type real analytic functions which are nonzero (defined later). But the division by
general polynomials is not possible in general. We characterize the spaces where
division is always possible and will see that they form a rather limited class; in
particular, the unique infinite dimensional Fréchet space where division by nonzero
real polynomials or real analytic functions is always possible is RN, and the unique
Silva space is R™.

IL. Notation. They are classical. We denote by E a Hausdorff real locally convex
space and 2 an open subset of E. A mapping f: € — R is called a C* function if, for
every convex balanced bounded subset B of E, the restriction of f to & N Ey (where
E denotes, as usual, the vector space spanned by B and normed with the gauge pg
of B) is C* in the usual Fréchet sense of calculus in normed spaces. (This is the
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definition of the Silva C* function on 2—see Colombeau [2] for details on this
concept.)

We denote by &(2) the vector space of the C* functions on £. We consider on
&(9) the topology of the uniform convergence of functions and all their derivatives
on the strictly compact subsets of @ (i.e. compact in some £ N Eg). A basis of
neighborhoods of zero in &(R) is made of sets V(K, L, ¢, a) = { f € &6(L) such that
sup,e ;e | f(X)hy -+ h;|< e if 0 <i<a} where K is a strictly compact subset
of €, L a bounded subset of E, e > 0 and @ € N. We call here “distribution on ”
any element of the dual space &'(2) of &(R).

The function g is called analytic on € if for each balanced convex bounded subset
B of E, the restriction of f to @ N Ej is locally the sum of a normally convergent
series of Eg-continuous polynomials (see Colombeau [3]).

An analytic function g on £ is said to be of finite type if there exist two subspaces
E, and E, of E such that E can be decomposed as the topological direct sum
E=E, ® E, with dim E, < o0, and if for all x €Q, x =x, + x, (x, EE}, x, €
E,), we have g(x,) = g(x).

We notice that if g is a polynomial on E, this definition coincides with the usual
one for finite type continuous polynomials. We denote by p, and p, the two
projections:

E,®E,>E E, ®E, - E,.
R 275 nd Py ! 27 Ea
x, +x,0 X, x,+x,x,
If V is a convex balanced neighborhood of zero, we denote by p, or || - |l the

gauge of V, E, = E/p}}(0) and 5,: E - E/p;/(0) the canonical surjection map.
The notation V, B, V(K, L, &, a)°will be used for the polars of V, B, V(K, L, ¢, a)
respectively.

IIL. Division by finite type analytic functions.

THEOREM 1. Let E be a Hausdorff real locally convex space, Q@ an open subset of E
and g a locally finite type analytic function on & which does not vanish identically on
any open subset. Then, for every S € &'(Q) there exists a T € &'(Q) such that
S =gT.

PROOF. Let us consider the map

u:6() - 6(Q), fHg.
We remark that this mapping is injective because g does not vanish on any open

subset of Q. Therefore, it suffices to prove that u is open. Indeed, if S € &'(2) the
linear form

g6(R) -~ 6(2) >R, gf>f (S, f)
would be continuous. Thus from the Hahn-Banach theorem it would be extended to
5(Q)ina T € &'(2), and then S = gT.
For every x, € £, there exist two subspaces E, and E, of E such that E = E, ® E,

topologically, with dim E, < oo, and two convex balanced open neighborhoods of
zero, V, and W, respectively in E, and E,, with xo + V, + W, C &, such that if
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we set @, = p\(xo) + V; and @, = py(x,) + W, we have g(§ +y,) = g(§ + y,) for
all{ € €, and y,, y, € Q,. Let K, and K, be two strictly compact subsets of £, and
Q, respectively and B a convex balanced bounded subset of E,. For every x € @, we
have

sup |f(x)hy -+ by
h,EB
i=1---n

<2" hsuI; |f(")(x)P|(hl) copy(h)py(hysy) - 'Pz(hn)|-
€
i=1---n
k=0---n
Let us fix k€ {0---n} and [, \,...,I, EB. If x €Q, +Q,, we set F(x)=
fOOP ) - p1,). i x=¢+y EK, + K, (£ EK,, y € K,) we set

E:Q >R, t-FE(t)=F(t+y).

Then we have

sup |F®(x)p,(h,)---py(he)|= sup IFy(k)(f)Pl(hl) o 'Pl(hk)l
h,EB hEB
=1k i=1---k

< sup |E®(t)h,---hy|.
h,Ep\(B)
=1k
€K,

The function F, belongs to &(£,), K| is a compact subset of 2,, , is an open subset
of E|,dim E, < oo and g does not vanish identically on any open subset of £,.
Acccording to Lojasiewicz’ result 7], there exist a compact subset K| of ©,, a convex
balanced bounded subset B’ of E|, m, € N and C, > 0 independent of x, such that

(p) ’ ’
sup [E(e)h, -+ by < C, sup |(gF,)P(e)hy -+ by
h,Ep\(B) nEB’
=1k p<my
tEK, LEK]
But (gF,)\P(t)h} -+ - h,, = (gF)P(t + y)hi ---h, since h; € E, and (gF)(x) =
g " O(xX)pylis1) - pl,). 1If we remark that g X(x)py(/y) -+ py(l}) =0
whenr = 1and/},...,/; € B, applying the Leibnitz formula we have

(gf)("_k)(x)p2(lk+l) e ’Pz(ln) = 8(x)f(”_k)(x)l72(1k+|) e 'Pz(ln)-

Therefore, for x € K| + K,

hsul; |f(")(x)pl(hl) cpi(h)pa(lesy) - ‘Pz(ln)l
=ik

<C sup I(gf)(”_kﬂ)(x)hi by py(Lesy) - pa(ly)
ves
xEK{+K,



322 DENIS CHANSOLME

If m=sup,_q...,my, B =B+ p,(B) and K"’ = K| + K,, we obtain a first
inequality

n n—k
sup  [f(x)hy -k, |< Cy sup (&) (x)Ry By
h,€B h,EB”
xEK,+K, p<m
x€K”
Now let K be a strictly compact subset of £. In the same way, for every x € K, we
can define convex balanced open neighborhoods of zero: ¥V, and W, (of some E; and
E, which are dependent on x). We can find therefore a finite set / such that
KC U, x;+3V, + W, If weset K,=KN(x;+ 3V, +1W,), we have the
following inclusions:

K, Cpy(K;) + pa(K,) C (pil(xi) + Vx,) + (piZ(xi) + VVx,) cQ

with p;, and p,, the projections on E; and E,(E = E,; ® E,, defined by x,). The
sets p;(K;) and p,,(K;) being strictly compact in E;; and E;, respectively, we can
then apply our previous result: if a € N there exist a strictly compact K’ of &, a
bounded subset B’ of E,m’ € N,C>0 such that, for every ¢>0, gf €
V(K’, B’, ¢/C, m’) implies f € V(K, B, ¢, a). Therefore u is open. [

IV. Characterization of the spaces where division is always possible.

THEOREM 2. Let E be a Hausdorff real locally convex space, and Q an open subset of
E. The division by a nonzero continuous polynomial is always possible if and only if for
every convex balanced neighborhood of zero V and for every convex balanced bounded
subset B of E we have dim s, (Eg) < o0.

PROOF. First part: Let us suppose there exist a convex balanced 0-neighborhood V
in E, and a convex balanced bounded subset B of E with dim s, (Ez) = 00o. We may
assume B C V. By induction, there is a system (e,),cn+ With e, € 5,(B), and
v, € (Ey, p,) with v,(e,,) = 0 if and only if n * m. We may assume |lv,ll, =1
and v,(e,) > 0. Let us set a, = n"'v,(e,) and

P, E,~»R, x> 3 aw(x)".

neN*

We have

1
g < Woallllendly 1 g 1 p(x) < S anixli2,
n neN*

S

P, is thus a continuous polynomial on E. Therefore, P = P, o s, is a continuous
polynomial on E. Since e, € s,(B), there exists a j, € B such that s,(j,) = e
Hence, we have || j, |l 5 < 1 and (n7Y,),en- converges to zero in (Ey, pp).

By translation, we may suppose that 0 € &; so there is an n, € N* such that
n~'j, € Qif n = n,. Let us define S € &'(2) by

E(Q) >R, f(S,fy= 3 n?f(nY,),

n=ng

ne
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and let us suppose there is a T € &(Q) with (T, Pf)= (S, f),Vf € &(Q). There-
fore there exist a strictly compac subset k of €2, a bounded subset L of E, ¢ > 0 and
a ENwith T € V(K, L, ¢, a)°.

Let ¢ be the function defined by

R-R _ [2eexp(l/(u2—1)) if|ul<],
ur(u) |0 if [u|> 1.

¢ € D(R) and there is a constant C = 0 such that
sup |¢®(u)|<C.

ue
k=0---a

For every n € N* and x € E we set f(x) = a’p[2(a;'v, o s,(x) — 1)]; thus f, €
&(E)and fork < a
| £ )hy - - by | < anC2¥az¥ | v, 0 sy (hy) | -+ | v, 0 sy (hy) | -
Since B is a bounded set, sup,<; | v, © 5, (h)|< b for some constant b. But since
(2*b*Ca"*),cn+ converges to zero, there is N, € N* such that f, < V(K, L, ¢, a) if
n = N,.
From the following equivalence:

fi(x) #0 =38, <v,°s5.(x) <ia,
and
P(x)=0e0,05,(x)=0 VneN*

f, is zero in a neighborhood of the zero set of P. Therefore f, /P makes sense and is
an element of &(R). If N = sup(n,, N,),

(T, fyy= (T, Pfy/P)=(S, fu/P)
= 3 n¥(fy/P)(n7Y,) = N2(fy/P)(NVy).

n=ng,
But P(N7Yy) = aYN*(vy(ey))* and fy(N7Yy) = 2a¥. Therefore if N =
sup(ny, Ny), | (T, fv)|= 2. We get a contradiction.

Second part: If S € &'(Q), there is a strictly compact subset K of Q, a bounded
subset B of E, an ¢ > 0 and an a € N such that § € V(K, B, ¢, a)°. We may assume
K C B and B convex balanced. Therefore Signg, € &'( N Eg). We suppose that
for every convex balanced 0-neighborhood V in E, dim s, (Egz) < co. Let P be a
nonzero continuous polynomial on E. The set A = {x € E/| P(x)|<|P(0)| +1} is -
a neighborhood of zero; therefore there exists a convex balanced 0-neighborhood V
such that ¥V C A. Let E, be endowed with the topology induced by that of E.
Therefore E, = (Ez N p3}(0)) ® F topologically with F = s,(Ep). If x EE; NV,
there are u € E; N p3}(0) and v € F such that x =u+ v. If A ER, we have
Au+tv=A—-—NDu+tu+o and p,(Au+0)<|A—1|pp(u) +py(u+v)<l.
Therefore, given u € E; N p}(0) and v € F, the polynomial A > P(Au + v) is
bounded on R, and so a constant. Thus we have P(u + v) = P(v) forallu € Ez N
p/(0) and so P is a finite-type polynomial on E,. According to Theorem 1, there
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exists a T € &'(R N Ep) such that Pop T) = Sigf,. Let r be the restriction map
from &(R2) to &(2 N Ep) and ‘r be its transpose. T ='r(T}) is a solution of PT = S.
a

Let § be the class of the Hausdorff real locally convex spaces such that for every
convex balanced 0-neighborhood ¥, and every convex balanced bounded subset B of
E, we have dim s (E) < o0.

THEOREM 2'. Let E be a Hausdorff real locally convex space and Q an open subset of
E. The division by any continuous analytic function which does not vanish on any open
subset of Q is always possible in &'(RQ) if and only if E € §.

PROOF. We use the same proof as in Theorem 2, replacing polynomial by analytic
function.

REMARKS. (1) Theorems 2 and 2’ are no more valid if we omit the continuous
property. If E & §, let us consider on E the weak topology (E, o). Since E and
(E, o) have the same bounded sets, the topological spaces of the C* functions on E
and on (E, o) are also the same. The division by a polynomial P in (E, o) is
equivalent to the division in E. If P is the polynomial of the counterexample, the
division by P is not possible in (E, ¢) and (E, 0) € G. We deduce from Theorem 2
that the polynomial P is not continuous on (E, o).

(2) If (E,|l - |l) is a Banach space and if E € §, it is obvious that E is finite
dimensional. So:

COROLLARY 1. Let E be a real Banach space, E is a finite dimensional space if and
only if the division of any distribution by any nonzero continuous polynomial is always
possible in &'(E).

(3) If E is a Fréchet space and if E € §, we easily prove that, for every convex
balanced 0-neighborhood V, dim s,(E) is finite. The unique Fréchet spaces having
this property are isomorphic to R” or to RN, (Let E’ be the dual of E, equipped with
the equicontinuous bornology; since dim s, (E) < oo, (E’)Y is finite dimensional. If
(e});e; is an algebraic basis of E’, E’ is bornologically isomorphic to R‘). Let E’* be
the bornological dual of E’ equipped with the topology of the uniform convergence
on the equicontinuous subsets of E’. Therefore E* ~ R’ topologically. Since E is a
subspace of E’* and E’* is a Schwartz space, thus E is a Schwartz space. Since E is a
complete Schwartz space, E = E’* (see Hogbe-Nlend [5, p. 95]).)

COROLLARY 2. If E is an infinite dimensional Fréchet space, E € § if and only if
E =R\

(4) Let F be a Fréchet space and E its strong dual. If we suppose E € §, we prove
that F € §: if B is a convex balanced bounded subset of F and ¥ a convex balanced
neighborhood of zero, then (Fy, p),) = sy(E2). Since E € §,dim s3(E?) < oo and
F;/p})(0) N Fyis a finite dimensional space.

Since F is a Fréchet space and F € 8, according to (3), F~R" or F ~ RN, We
deduce E =~ R" or E ~ R™,
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COROLLARY 3. If E is the strong dual of an infinite dimensional Fréchet space,
E €8 ifand only if E ~R™,

(5) If E is a nuclear bornological vector space, the Fourier transform is a
bornlogical and topological isomorphism between &’(E) and &'(E) (see J. M.
Ansemil and J. F. Colombeau [1]). Let P be a nonzero real polynomial on E; we
define the convolution operator O by

0: 56'(E) » F&'(E), Ff-> F(Pf).
It is obvious that the surjectivity of the operator O is equivalent to the surjectivity of
the mapping
&(Q) - &'(R), f— Pf.
According to Theorem 2, we deduce that for some $&'( E) all convolution operators
are not surjective.
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